Abstract: We discuss the subRiemannian geometry induced by two noncommutative vector fields which are left invariant on the Lie group S 3 .
Introduction
The study of step 2 subRiemannian manifolds has the Heisenberg group as a prototype. This is a noncommutative Lie group with the base manifold R 3 and endowed with a nonintegrable distribution spanned by two of the noncommutative left invariant vector fields. This structure enjoys also the property of being a contact structure or a CR-manifold. The study of the subRiemannian geodesics on the Heisenberg group started with the work of Gaveau [9] . One trend in the literature is to use the geometry of the Heisenberg group to describe the Heisenberg Laplacian and its heat kernel, see Beals, Gaveau, Greiner [1, 2, 3, 4] . Later, this structure led to generalizations of the Heisenberg group as can be seen in Calin, Chang, Greiner [5, 6] and Chang, Markina [7] . For more fundamental issues on subRiemannian geometry, see Strichartz [10] .
One question is, if there is another 3-dimensional noncommutative Lie group besides the Heisenberg group. The answer is positive and this paper deals with it. The sphere S 3 and the group SU (2) have these properties. More important, this is the first compact subRiemannian manifold has been under consideration.
The present paper starts with an introduction to quaternions and then defines the 3-dimmensional sphere as the set of quaternions of length one. The quaternion group induces on S 3 a structure of noncommutative Lie group. This group is compact and the results obtained in this case are very different than those obtained in the case of the Heisenberg group, which is a noncompact Lie group. Like in the Heisenberg group case, we introduce a nonintegrable distribution on the sphere and a metric on it using two of the noncommutative left invariant vector fields. This way S 3 becomes a subRiemannian manifold. It is known that the group SU (2) is isomorphic with the sphere S 3 and represents an example of subRiemannian manifold where the elements are matrices. The main issue here is to study the connectivity by horizontal curves and its geodesics on this manifold. In this paper, we are using Lagrangian method to study the connectivity theorem on S 3 by horizontal curves with minimal arc-length. We show that for any two points in S 3 , there exists such a geodesic joining these two points.
The final version of this paper was in part written while the first two authors visited the National Center for Theoretical Sciences and National Tsing Hua University during June-July of 2006. They would like to express their profound gratitude to Professors Jin Yu and ShuCheng Chang for their invitation and for the warm hospitality extended to them during their stay in Taiwan.
2 The Quaternions Group Q William R. Hamilton introduced quaternions in 1873. They are obtained as a non-commutative extension of the complex numbers. Let Q be the set of matrices α β −β α with complex number entries α, β ∈ C. The set Q becomes a group with the usual matrix multiplication law, called the quaternions group. The identity element is I = 1 0 0 1 and the inverse of q = α β −β α
Any real number a ∈ R can be identified with ai by the one to one homomorphism ϕ : R → Q,
The set {I, i, j, k} is a basis of Q. Let q = aI + bi + cj + dk and q
A straightforward computation shows
The conjugate of q = aI + bi + cj + dk is q = aI − bi − cj − dk. A simple computation shows
The modulus of q is |q| = √ ∆. Since i, j, k do not commute, the multiplication of quaternions is noncommutative.
S as a noncommutative Lie group
Consider S 3 = {q ∈ Q; |q| = 1}. For any q 1 , q 2 ∈ S 3 , |q
with the identity element (1, 0, 0, 0) and the inverse (a, b, c, d
In this way (S 3 , * ) becomes a compact, noncommutative Lie group.
We shall work out the left invariant vector fields with respect to the left translation L q :
The set of all left invariant vector fields on S
it is a subset closed under the Lie bracket [ , ] .
In order to find a basis for L(S 3 ), we shall find first a basis for L(Q). Let X be a left invariant vector field on Q. Then X q = (dL q )X e , where e = (1, 0, 0, 0) is the identity of Q. If write
the components are
where x i is the i-th coordinate.
Dropping the argument q ′ , yields
By a similar computation we find
The first component becomes
Dropping q and denoting ξ i = X i e , i = 1, 2, 3, 4, the previous relation yields
In a similar way we obtain
Left invariant vector fields Z can be written as
Reordering, yields
is the normal vector field to S 3 , and
Using the 4 × 4-matrix representations:
and the standard inner product , on R 4 , we also can write
where U is the 4 × 4 identity matrix. It is easy to see that {N, X, Y, T } is a basis for L(Q). In order to find a basis for L(S 3 ) we shall consider the vector fields which are tangent to S 3 . Since a computation provides
it follows that X, Y, T are tangent to S 3 . Hence any left invariant vector field on (S 3 , * ) is a linear combination of X, Y and T . Since the matrix of coefficients 
has rank 3 at every point, it follows that X, Y and T are linear independent and hence form a basis of L(S 3 ). It worth nothing that the above rank property is not true without the constraint
We also note that {X, Y, T, N } form an orthonormal system with respect to the usual inner
The horizontal distribution
Let H = span{X, Y } be the distribution generated by the vector fields X and Y . Since [Y, X] = 2T / ∈ H it follows that H is not involutive. We can write L(S 3 ) = H RT . The distribution H will be called the horizontal distribution. Any curve on the sphere which has the velocity vector contained in the distribution H will be called a horizontal curve. The following result deals with a characterization of horizontal curves. It will make sense for later reasons to rename the variables
The curve γ is horizontal if and only if
ẋ, y = x,ẏ .
Proof:
Since {X, Y, T } span the tangent space of the sphere S 3 we havė
Using that {X, Y, T } is an orthonormal system on S 3 , we have
The curve γ is horizontal if and only if c = 0 i.e. ẋ, y = x,ẏ .
Hence a horizontal curve γ = (x 1 , x 2 , y 1 , y 2 ) : (0, τ ) → R 3 has the velocityγ = aX + bY where
If we consider a metric on H such that {Y, X} are orthonormal vector fields, then the length of the curve γ is
The horizontal curves minimizing length will be treated in a next section.
In the rest of this section we shall make a few considerations regarding the horizontal distribution given as the kernel of a one-form.
Consider the following one-form on R
One can easily check that
where
is the unit normal to the sphere S 3 . Hence ker ω = span{X, Y, N } and the horizontal distribution can be written as
Hence a vector ν = (v, w) = (v 1 , v 2 , w 1 , w 2 ) ∈ H if and only if
4 Connectivity theorem on S
3
The present section deals with the global connectivity property by horizontal curves. Even if a result of Chow [8] states the connectivity by piece-wise horizontal curves, here we shall prove a globally smooth version of it. More precisely, the main result of this section states that given two points on S 3 , there is a horizontal smooth curve joining them.
Before proceeding to the proof, we need to introduce some terminology and notations. This deals with the parametrization of S 3 in terms of the Euler angles, which due to spherical symmetry are more suitable than the cartesian coordinates.
Consider ϕ, ψ, θ to be the Euler's angles and let
The sphere S 3 can be parametrized as
In the following we shall write the restriction of the one-form
to S 3 using Euler's angles. Since
we obtain
Hence
The constraint sin θ sin ψdϕ + cos ψdθ = 0 is nonholonomic since 2dω = cos θ sin ψ dθ ∧ dϕ + sin θ cos ψ dψ ∧ dϕ − sin ψ dψ ∧ dθ = 0.
We finally arrived at the following characterization of the horizontal curves using Euler's angles. Before getting into the proof of the connectivity theorem, which is the main result of this section, a couple of lemmas are needed. The first one is a standard Calculus exercise. The next result is the theorem of connectivity announced at the beginning of this section.
Theorem 4.4 Given two points P, Q ∈ S 3 , there is a smooth horizontal curve joining P and Q.
Proof: Let P (ϕ 0 , ψ 0 , θ 0 ) and Q(ϕ 1 , ψ 1 , θ 1 ) be the coordinates in the Eulerian angles. We shall find a horizontal curve c(s) = (ϕ(s), ψ(s), θ(s)) with c(0) = P and c(1) = Q. This is equivalent with finding functions ϕ(s), ψ(s), θ(s) such that
which satisfy the boundary conditions
Assuming cos ψ(s) = 0, (4.8) can be written as
for some functions p(s), q(s) which will be determined later. Let k = ϕ 1 − ϕ 0 . Then (4.9) yields
Separating and solving for p(s) yields dp p 1 − p 2 = −kq(s) ds and integrating,
The constant C 1 and the integral 1 0 q(u) du can be determined from the boundary conditions. We obtain
where p(0) = sin θ(0) = sin θ 0 and p(1) = sin θ 1 . Hence q(s) has to satisfy
The boundary conditions also yield The function p(s) will be defined by the relation
Hence the curve c(s) = (ϕ(s), ψ(s), θ(s)) = (ϕ 0 + ks, arctan q(s), arcsin p(s)) is the desired horizontal curve joining the points P and Q on S 3 .
It is known that in the case of the Heisenberg group if (x 0 , 0) and (x 1 , 0) are two points in the {t = 0} plane, then the segment joining the points is a horizontal curve joining the points which lies in the {t = 0} plane. The following theorem is an analog for the sphere S 3 . The plane will be replaced by the sphere S 2 .
Theorem 4.5 Given (ϕ 0 , ϕ 1 ) and (θ 0 , θ 1 ), there is a horizontal curve with ψ = constant, which joins the points with Euler coordinates (ϕ 0 , ψ, θ 0 ) and (ϕ 1 , ψ, θ 1 ).
Proof: Let (ϕ, ψ, θ) be a horizontal curve with ψ = constant. Then equation (4.7) can be written as − tan ψ dϕ dθ = 1 sin θ .
Integrating, yields
For θ = θ 1 we obtain
Solving for ϕ, (4.13) yields
with ψ defined by (4.14). Hence the horizontal curve joining (ϕ 0 , ψ, θ 0 ) and (ϕ 1 , ψ, θ 1 ) is
Let S ψ0 = {(ϕ, ψ, θ) ∈ S 3 ; ψ = ψ 0 } be the subset of S 3 with the same Euler angle ψ. This corresponds to a 2-dimensional sphere. 
The subRiemannian geodesics
Given two points on the sphere S 3 , we already know that there are horizontal curves joining them. The horizontal curve with the shortest length is called a geodesic. Standard arguments show that an equivalent problem of finding the geodesics is to find the horizontal curves with minimum energy. This means to minimize the action integral
subject to the horizontality constraint ẋ, y = x,ẏ . This will be minimizers given by the solutions of the Euler-Lagrange system with Lagrangian
where a and b depend on x,ẋ, y,ẏ, see formulas (3.4)-(3.5). The function λ(s) is a Lagrange multiplier function.
5.1
The case λ(s) = 0. 
Multiplying the first equation by x 2 , the second by x 1 , the third by y 2 and the fourth by y 1 , adding yieldsȧ
where we have used the horizontality condition (see Proposition 3.2) In a similar way, multiplying the first equation by y 2 , the second by y 1 , the third by −x 2 , and the fourth by −x 1 , adding, yieldsḃ = 0. We arrived at the following result, which provides four constants of motion (three angles and the energy).
Theorem 5.1 Given two points P, Q ∈ S
3 , let γ be a length minimizing curve among all the horizontal curves which join P and Q. Then 1) |γ(s)| is constant along the curve.
2) The angles between the velocityγ and the vector fields X, Y and T are constant along the curve.
Proof:
1) Fromȧ =ḃ = 0 it follows that a(s) =constant and b(s) =constant and hence |γ(s)| = a(s) 2 + b(s) 2 = constant.
2) Using 1), we have 
The case λ(s) = 0.
The Lagrangian in this case is
The Euler-Lagrange system (5.15) -(5.16) becomeṡ
Multiplying the first equation by x 2 , the second by x 1 , the third by y 2 and the forth by y 1 , adding yieldsȧ
In a similar way, multiplying the first equation by y 2 , the second by y 1 , the third by −x 2 and the forth by −x 1 , adding we obtaiṅ 
The main goal now is to find Λ(s). In order to do this we shall construct an equivalent variational problem. We need the following result, which writes the energy in a more friendly way.
is a subRiemannian geodesic then we havė
Proof: Using the definitions of a and b, the horizontality condition, and the holonomic constraint, we can write the following systeṁ
This can be written in a matrix way as    
M is an orthogonal matrix, and hence preserves the Euclidean length of vectors. It follows thatẋ The next result will be useful later in the sequel, when we shall find the Lagrange multiplier. Proof: Let γ(s) = x 1 (s), x 2 (s), y 1 (s), y 2 (s) . Differentiating in the horizontality conditioṅ
We shall consider another variational problem, where we replace the energy 
Multiplying the first equation by y 1 , the second by y 2 , the third by −x 1 , and the fourth by −x 2 , adding yields
), which can be written asλ
Using Proposition 5.6 we obtain the following result. 
The group SU(2)
The special unitary group
is also a Lie group, which can be identified with the sphere S 3 by the isomorphism
where q = (x 1 , x 2 , y 1 , y 2 ), ∇ q = (∂ x1 , ∂ x2 , ∂ y1 , ∂ y2 ) and i, j, k are defined in (2.1). It follows that the left invariant vector fields X, Y, T , which span the Lie algebra of S 3 correspond on SU (2) to −i, −k, −j, respectively.
Remark. An alternative approach to calculate geodesics is to use the Hamiltonian method. This method is very complicated in the case of studying geodesics on S 3 , but some information we can obtain from the superficial analysis. Using the notations (5.21), (5.22), (5.23), the vector fields X, Y and T can be written in the form X = −qI 1 , ∇ q , Y = −qI 3 , ∇ q , T = −qI 2 , ∇ q where ·, · is the usual scalar product in R 4 . Define the Hamilton function
Then the Hamilton system is the followinġ q = ∂H ∂ξ ⇒q = qI 1 , ξ · (qI 1 ) + qI 3 , ξ · (qI 3 ) ξ = − ∂H ∂q ⇒ξ = qI 1 , ξ · (ξI 1 ) + qI 3 , ξ · (ξI 3 ).
(5.24)
A geodesic is the projection of the solution of Hamilton's system to the q-space. Since qI 1 , q = qI 2 , q = qI 3 , q = 0, multiplying the first equation of (5.24) by q we get q, q = 0 ⇒ |q| 2 = const.
We conclude that the solution of the Hamiltonian system belongs to a sphere. Taking the constant equals 1 we get geodesics belonging to S 3 . Multiplying the first equation of (5.24) by qI 2 , we get q, qI 2 = 0, (5.25) by the role of multiplication between I 1 , I 2 , and I 3 . The reader easily recognize the horizontality condition ẋ, y = x,ẏ in (5.25). It means that the solution of the Hamiltonian system is a horizontal curve. Multiplying the first equation of (5.24) by qI 1 or by qI 3 , we get ξ, qI 1 = q, qI 1 i , ξ, qI 3 = q, qI 3 .
We see that the Hamilton function can also be written in the form and it is a constant along the geodesics. Notice that qI 1 ,q = a and qI 3 ,q = b by (3.4) and (3.5). We conclude |q| 2 = a 2 + b 2 from (5.26) that corresponds to Proposition 5.4. This is only the beginning of a long term project. There are many problems remain open. For example, given any two points on S 3 , how many geodesics connecting them? Is there any abnormal minimizer in this case? What is the action function? What is the volume element which is the solution of a transport equation? We will answer these questions in a forthcoming paper.
